Abstract. Since the great work on holomorphic curves into algebraic varieties intersecting hypersurfaces in general position established by Ru in 2009, recently there has been some developments on the second main theorem into algebraic varieties intersecting moving hypersurfaces targets. The main purpose of this paper is to give some interesting improvements of Ru's second main theorem for moving hypersurfaces targets located in subgeneral position with index.
Introduction and main results
It is well-known that in 1933, H. Cartan established Nevanlinna theory for meromorphic functions to the case of linearly nondegenerate holomorphic curves into complex projective spaces intersecting hyperplanes in general position, and conjectured that it is still true for moving hyperplanes targets. From then on, higher dimensional Nevanlinna theory has been studied very hot (refer to [13, 16, 7] ). In 2009, Ru [12] proposed a great work on second main theorem of algebraically nondegenerate holomorphic curves into smooth complex varieties intersecting hypersurfaces in general position, which is a generalization of the Cartan's second main theorem and his own former result [10] completely solving the Shiffman's conjecture [14] under the motivation of Corvaja-Zannier [15] in Diophantine approximation.
Thus, it is natural and interesting to investigate the Ru's second main theorem into complex projective spaces and even into complex algebraic varieties for the moving hypersurfaces targets. Based on their affirmation of the Shiffman's conjecture for moving hypersurfaces targets [3] , recently, Dethloff and Tan [2] continue to prove successfully the following theorem. In the special case where the coefficients of the polynomials Q j 's are constant and the variety V is smooth, this is the Ru's second main theorem [12] . Theorem 1.1.
[2] Let V ⊂ P n (C) be an irreducible (possibly singular) variety of dimension u, and let f be a non-constant holomorphic map of C into V. and let D = {D 1 , . . . , D q } be a family of slowly moving hypersurfaces (with respect to f ) in general position, and let Q = {Q 1 , . . . , Q q } be the set of the set of the defining homogeneous polynomials of D with deg Q j = d j , (j = 1, ..., q) and Q j (f ) ≡ 0 for j = 1, . . . , q. Assume that f is algebraically nondegenerate over K Q . Then, for any ǫ > 0, q j=1
(1/d j )m f (r, D j ) ≤ (u + 1 + ǫ)T f (r) (1) holds for all r outside a set with finite Lebesgue measure.
Very recently, Yan-Yu [17] gave an improvement of the Quang's version [8, Theorem 1.1] of the second main theorem with moving hypersurfaces located in subgeneral position in complex projective space by the method of Dethloff and Tan [2] . They observed that the condition that "f is algebraically nondegenerate over K Q " in Theorem 1.1 and Quang's result [8, Theorem 1.1] is difficult to check, and weaken this condition to the case when the holomorphic curve is only assumed to be nonconstant.
Theorem 1.2. [17]
Let f be a nonconstant holomorphic curve from C into P n (C), and let D = {D 1 , . . . , D q } be a family of slowly moving hypersurfaces (with respect to f ) in m-subgeneral position, and let Q = {Q 1 , . . . , Q q } be the set of the set of the defining homogeneous polynomials of D with deg Q j = d j , (j = 1, ..., q) and Q j (f ) ≡ 0 for j = 1, . . . , q. Then, for any ǫ > 0,
holds for all r outside a set with finite Lebesgue measure.
In this paper, we combine their methods [2, 17] together and adopt the new concept of the index of subgeneral position due to Ji-Yan-Yu [5] to obtain some interesting developments of Ru's second main theorem for moving hypersurfaces targets, which are improvements of Theorem 1.1 and Theorem 1.2. Before the statement of our results, we first need to recall some definitions and notations in Nevanlinna theory as follows.
Let f : C → P n (C) be a holomorphic map, the characteristic function of f is defined by
where f = (f 0 , . . . , f n ) is a reduced representation of f with f 0 , . . . , f n having no common zeros and f = max{|f 0 (z)|, . . . , f n (z)|}. Especially, for a meromorphic function f on C, we can choose two holomorphic functions f 0 , f 1 on C without common zeros such that f = [f 0 : f 1 ] : C → P 1 (C), and then define the characteristic function of f . We note that a divisor on P n (C) is a hypersurface defined by some homogeneous polynomial. Now, we introduce the so-called moving hypersurface on P n (C). For a positive integer d, we set
where a I , I ∈ I d , are holomorphic functions on C without common zeros, and
, D is called a moving hyperplane. Since a moving hypersurface D can be regarded as a holomorphic map D : Let Q = {Q 1 , . . . , Q q } be a family of homogeneous polynomials with
We denote by K Q the smallest subfield of meromorphic function field M which contains C and all
, where a j,It ≡ 0, j ∈ {1, ..., q}, I t , I s ∈ I d j . Assume that f is linearly nondegenerate over
The proximity function of f with respect to the moving hypersurface D is defined as
| is the Weil function and Q = max I∈I d {|a I |}. According to [5] , we can give a similar definition for moving hypersurfaces located in m-general position with index k. Definition 1.3. Let {D 1 , . . . , D q } be a family of moving hypersurfaces in algebraic variety V ⊂ P n (C).
(a). The hypersurfaces are said to be in general position (or say in weakly general position) if there exists z ∈ C (if this condition is satisfied for one z ∈ C, it is also satisfied for all z except for a discrete set) for any subset I ⊂ {1, . . . , q} with ♯I ≤ dim V + 1,
(b). The hypersurfaces are said to be in m-subgeneral position (m ≥ dim V ) if there exists z ∈ C (if this condition is satisfied for one z ∈ C, it is also satisfied for all z except for a discrete set) for any subset I ⊂ {1, . . . , q}
(c). The hypersurfaces are said to be in m-general position with index k if D 1 , . . . , D q are in m-subgeneral position and if there exists z ∈ C (if this condition is satisfied for one z ∈ C, it is also satisfied for all z except for a discrete set) for any subset I ⊂ {1, . . . , q} with ♯I ≤ k,
(Here we set dim ∅ = −∞.)
Now we state our main results which are improvements and extensions of Theorem 1.1 and Theorem 1.2 concerning moving hypersurfaces targets located in subgeneral position with index. Theorem 1.4. Let f : C → V ⊂ P n (C) be a nonconstant holomorphic curve, where V is an irreducible algebraic subvariety of dimension u. Let D = {D 1 , . . . , D q } be a collection of slowly moving hypersurfaces in msubgeneral position with index k, and let Q = {Q 1 , . . . , Q q } be the set of the defining homogeneous polynomials of D with deg Q j = d j and Q j (f ) ≡ 0 for j = 1, . . . , q. Then, for any ǫ > 0,
holds for all r outside a set with finite Lebesgue measure, where 
1) . This implies that (3) is better than (2).
When k is strictly greater than one, we have the following complement result of Theorem 1.4. In the special case whenever k > 1 and m ≥ 2u, we find that max{ (4) is better than (3); whenever k > 1 and m ≤ 2k < 2u, one can also easily deduce that (4) is better than (3); however, we do not know which one between (4) and (3) is better whenever k > 1 and 2k < m < 2u. Theorem 1.6. Let f : C → V ⊂ P n (C) be a nonconstant holomorphic curve, where V is an irreducible algebraic subvariety of dimension u. Let D = {D 1 , . . . , D q } be a collection of slowly moving hypersurfaces in msubgeneral position with index k (k > 1), and let Q = {Q 1 , . . . , Q q } be the set of the defining homogeneous polynomials of D with deg Q j = d j and Q j (f ) ≡ 0 for j = 1, . . . , q. Then, for any ǫ > 0,
Let us introduce the definition of the so-called (k, ℓ) condition for moving hypersurfaces, originated from [4, 17] .
where V is an irreducible algebraic subvariety of dimension u. And let D = {D 1 , . . . , D q } be a family of moving hypersurfaces defined by a set of homogeneous polynomials Q = {Q 1 , . . . , Q q } and be msubgeneral position with k(0 < k ≤ ℓ). For an integer 0 ≤ ℓ ≤ u, f is said to be ℓ-nondegenerate over
, and V ′ is the variety constructed by all homogeneous polynomials
From the proof of Theorem 1.4 one can easily get the following result, which recovers Theorem 1.1 for the special case m = ℓ = u and k = 1, and [17, Theorem 2.1] for the special case k = 1, respectively.
, and let D = {D 1 , . . . , D q } be a family of slowly moving hypersurfaces defined by a set of homogeneous polynomials
Whenever k > 1, from the proof of Theorem 1.6 one can also easily get the following result which is a complement of Theorem 1.8. Theorem 1.9. Let f = [f 0 : . . . : f n ] be a holomorphic curve from C into V ⊂ P n (C), and let D = {D 1 , . . . , D q } be a family of slowly moving hypersurfaces defined by a set of homogeneous polynomials Q = {Q 1 , . . . , Q q } with with deg
The remainder below is the proofs of the theorems, in which the methos to deal with moving targets by Dethloff-Tan [2] , Yan-Yu [17] , and the techniques to deal with hypersurfaces in subgeneral position instead of Nochka's weights owing to Quang [8, 9] are used in this paper.
Proof of Theorem 1.4
Firstly, we may assume that Q 1 , . . . , Q q have the same degree deg
For each j, there exists a j,Ij (z), one of the coefficients in Q j (z), such that a j,I j (z) ≡ 0. We fix this a j,I j , then setã j,I (z) = a j,I (z) a j,I j (z) and
which is a homogeneous polynomial in K Q [x 0 , . . . , x n ]. By definition of the proximity function and Weil function, we have
Denote by C Q the set of all non-negative functions h : C → [0, +∞] ⊂R, which are of the form
It is easy to see that the sums, products and quotients of functions in C Q are again in C Q . Obviously, for any h ∈ C Q , we have
Since D = {D 1 , . . . , D q } are in m-subgeneral position, we have the following lemma.
For each given z ∈ C (excluding all zeros and poles ofQ j (f)), there exists a renumbering {1, . . . , q} such that
.
Let K Q be an arbitrary field over C generated by a set of meromorphic function on C. Let V be a sub-variety in P n (C) of dimension u defined by the homogenous ideal
is finitely generated. Assume that I K Q (V ′ ) is generated by homogeneous polynomials P 1 , . . . , P s . Consider the variety V ′ constructed by P 1 , . . . , P s . Let degV ′ = ∆ and dim K Q V ′ = ℓ where 0 < ℓ ≤ u. Note that f has the following property: there exists no homogeneous polynomial
For a positive integer N , let I K Q (V ) N be the vector space of homogeneous polynomials of degree N , and let
N . We have the following basic fact from the theory of Hilbert polynomials (e.g. see [15] ): Let a be an arbitrary point in C such that all coefficients of P 1 , . . . , P s are holomorphic at a, denote by I(V ′ (a)) the homogeneous ideal in C[x 0 , . . . , x n ] generated by P 1 (a), . . . , P s (a), let V ′ (a) be the variety in V (a) ⊂ P n (C) defined by I(V ′ (a)), then we have Lemma 2.3. [3, 8, 17] dim V ′ (a) = ℓ, for all a ∈ C excluding a discrete subset.
Next, we prove the following lemma concerning on the hypersurfaces located in m-subgeneral position with index k, which plays the role in this paper. The method of it is originally from Quang [8, 9] . (i) the coefficients ofQ 1 , . . . ,Q m+1 are holomorphic at a, (ii)Q 1 (a), . . . ,Q m+1 (a) have no non-trivial common zeros,
Proof. We assume thatQ i (1 ≤ i ≤ m + 1) has the following form
By the definition of the m-subgeneral position, there exists a point a ∈ C such that the following system of equations
has only trivial solution (0, . . . , 0). We may assume thatQ i (a) ≡ 0 for all 1 ≤ i ≤ m + 1, and for any k moving hypersurfaces, we have
on the other hand, according to the definition of m-subgeneral position with index k, we have dim
For each homogeneous polynomialQ ∈ C[x 0 , . . . , x n ], we denote by D the fixed hypersurface in P n (C) defined byQ, i.e.,
where dim ∅ = -∞.
Step 1. We will constructP k+1 as follows. For each irreducible componet
Here, D c (a) = P n (C) with c = (0, . . . , 0) ∈ C m−ℓ+1 . By definition, V 1Γ is a subspace of C m−ℓ+1 . Since
there exists i ∈ {k + 1, . . . , m − ℓ + k + 1} such that Γ ⊂ D i (a). This implies that V 1Γ is a proper subspace of C m−ℓ+1 . Since the set of irreducible components of dimension ℓ − k of
Hence, there exists (c 1(k+1) , . . . , c 1(m−ℓ+k+1) ) ∈ C m−ℓ+1 such that Γ ⊂ P k+1 (a), whereP k+1 = m−ℓ+k+1 j=k+1 c 1jQj , for all irreducible components of dimension ℓ − k of
Step 2. We will construct P k+2 as follows. For each irreducible componet
This implies that V 2Γ ′ is a proper subspace of C m−ℓ+2 . Since the set of irreducible components of dimension ℓ − k − 1 of
is at most countable, we also have
Hence, there exists (c 2(k+1) , . . . , c 2(m−ℓ+k+2) ) ∈ C m−ℓ+2 such that Γ ′ ⊂ P k+2 (a), whereP k+2 = m−ℓ+k+2 j=k+1 c 2jQj , for all irreducible components of
Repeat again the above steps, after (ℓ + 1 − k)-th step we get the hypersurfaceP k+1 (a), . . . ,P ℓ+1 (a) satisfying that
where t = m − ℓ + k + 1, . . . , m + 1.
In particular, ℓ+1 j=1P j (a) ∩ V ′ (a) = ∅. This yields thatP 1 (a), . . . ,P ℓ+1 (a) are in general position. We complete the proof of the lemma.
Since there are only finitely many choice of m + 1 polynomials from Q1, . . . ,Q q , the total number of suchP ′ j s is finite, so there exists a constant C > 0, for t = k + 1, . . . , ℓ and all z ∈ C (excluding all zeros and poles of allQ j (f )), by Lemma 2.4 we can constructP 1 = D 1 , . . . ,P k = D k ,P k+1 , . . . ,P ℓ+1 fromQ 1 , . . . ,Q m+1 such that
for k + 1 ≤ t ≤ ℓ, and thus,
Combing the above inequality with (5), we have
This gives that if m − ℓ ≤ k, we have
where h ′′′ ∈ C Q . Hence, by (6) and (7), we get
, and let
Since f satisfies P (f) ≡ 0 for all homogeneous polynomials
For every positive integer N divided by d, we use the following filtration of the vector space V ′ N with respect toP 1(z) , . . . ,P ℓ(z) . This is a generalization of Corvaja-Zanniers filtration [1] , see in the two references [10, 2, 17] .
Arrange, by the lexicographic order, the ℓ-tuples i = (i 1 , . . . , i ℓ ) of nonnegative integers and set i = j i j .
..,e ℓ )>iP
Remark 2.6. [10, 2, 17] From this definition, we have the following properties. 
Combining with the notation (10), we have dim
We have the following properties.
N with respect to the above filtration. Let [ψ s ] be an element of the basis, which lies in W * i /W * i ′ , we may write ψ s =P
(The proof of (11) can be seen in [10, the equality (3.6)]). Hence, by (11) and the definition of the Weil function, we obtain
where
Since there are only finitely many choices ofQ 1(z) , . . . ,Q (m+1)(z) , the collection of all possible linear forms L s (1 ≤ s ≤ M ) is a finite set, and denote it by L := {Lµ} Λ µ=1 (Λ < +∞). It is easy to see that K L ⊂ K Q . Lemma 2.12. (Product to the sum estimate, see [11] ) Let H 1 , . . . , H q be hyperplanes in P n (C) located in general position. Denote by T the set of all injective maps µ : {0, 1, . . . , n} → {1, . . . , q}. Then
By (8), (12) and Lemma 2.12, take integration on the sphere of radius r, we have
for all r outside a set with finite Lebesgue measure, where the set K ranges over all subset of {1, . . . , Λ} such that the linear forms {L j } j∈K are linearly independent.
Lemma 2.13.
[11] Let f be a non-constant holomorphic map of C into
the field over C of all meromorphic functions on C generated by a ji , i = 0, . . . , M ; j = 0, . . . , q. Assume that f is linearly non-degenerate over
. Then for each ε > 0, we have
holds for all r outside a set with finite Lebesgue measure, where max K is taken over all subsets K ⊂ {1, . . . , q} such that the polynomials H j (j ∈ K) are linearly independent over K {H j } q j=1
. By Lemma 2.13, we have, for any ǫ > 0, (14) holds for all r outside a set E with finite Lebesgue measure. Taking ε = 1 2 in (14), and from (9) and (13), we obtain
Take N large enough such that ǫ < m−ℓ min{m−ℓ,k} + 1 o(1), where ǫ > 0 is any given in the theorem. Then we have (15) holds for all r ∈ E. Since k ≤ ℓ ≤ u ≤ m, we have
, equivalent to
. Thus, we have
Therefore, it gives from (15) that
holds for all r ∈ E.
(ii). If f : C → V ⊂ P n (C) is algebraically nondegenerate over K Q , then ℓ = u, we have obtain (15) and thus (16) (5), (11), (12) and (14) . Hence, we can obtain by (12) that λ D j(z) (f(z)) + log h * * , (2k > m).
We remark that ifQ 1 (a), . . . ,Q q (a) are in m-subgeneral position with index k > 1, then D i and D j have no common components for i = j. Hence, it gives from (17) and (18), we have which completes the proof of the theorem.
